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Fractality & Multifractality Hurst vs Hölder FFM Multifractal noise Conclusions

Multifractality

Monofractality

Self-similar objects, scaling
properties do not depend on
particular scale

In terms of TS

The same scaling properties for
all time scales
(e.g. seconds, minutes, hours)

Multifractality

Self-similar objects, scaling
properties are different for
various scales

In terms of TS

Different scaling properties for
various time scales

G. Pamu la, D. Grech FENS2010

Multifractal Background of Monofractal Finite Signals with Long Memory



Fractality & Multifractality Hurst vs Hölder FFM Multifractal noise Conclusions
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Multifractality
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Translation between Hölder and Hurst description of
multifractality

Singularity spectrum f (α) is derived as Legandre transform of
classical multifractal scaling exponents τ(q) = qh(q)− 1.

α(q) = τ ′(q) = h(q) + qh′(q)

f (α) = qα− τ(α) = q[α− h(q)] + 1

In this description α(q) is called the Hölder exponent and f (α) is
its spectrum.
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Generalized Hurst and Hölder descriptions for real data
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Figure: Example of Hurst and Hölder descriptions for entire S&P500
index and its second part (since 1997 till now) [ L. Czarnecki, D. Grech

Acta Phys.Pol. A 117 (2010) 4]
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Fourier Filtering Method (FFM)

Algorithm producing long memory correlated time series
[C.-K. Peng, et.al. Phys.Rev.A 44, 2239 (1991)]

C (`) = 〈xixi+l〉 ∼ `−γ , γ ∈ [0, 1] γ = 2− 2H

1 produce a stationary sequence ξi , i = 1, . . . , L uncorrelated
random numbers drawn from N (0, σ) distribution

2 calculate Fourier transform of generated data

ξ̃q =
L−1∑
k=0

ξke
−2πi qk

L

3 apply filter function S(q) = qγ−1

x̃q =
√
S(q) ξ̃q

4 calculate inverse Fourier transform of filtered sequence x̃q to
obtain time series with desired long range correlation (γ)
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Example
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Figure: The test of long memory for artificially constructed (FFM) time
series
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Investigated time series

Monofractal time series with long memory generated with FFM

L = 29, 210, 212, 214, 216, 218, 219, 220

γ = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9

Statistical ensemble of 100 series for each parameter pair (γ, L)
was studied
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Scaling range for MFDFA method
L = 212 = 4096
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Scaling range for MFDFA method
L = 216 = 65536
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Scaling range for MFDFA method
L = 220 = 1048576
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Generalized Hurst exponent and Hölder exponent spectrum
L = 212 = 4096, γ = 0.1 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 212 = 4096, γ = 0.5 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 212 = 4096, γ = 0.9 (monofractal)

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-15 -12 -9 -6 -3  0  3  6  9  12  15

h
(q

)

q

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.3  0.4  0.5  0.6  0.7  0.8  0.9  1  1.1

f(
α

)

α

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-15 -12 -9 -6 -3  0  3  6  9  12  15

h
(q

)

q

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.3  0.4  0.5  0.6  0.7  0.8  0.9  1  1.1

f(
α

)

α

Correlated Shuffled

G. Pamu la, D. Grech FENS2010

Multifractal Background of Monofractal Finite Signals with Long Memory



Fractality & Multifractality Hurst vs Hölder FFM Multifractal noise Conclusions

Generalized Hurst exponent and Hölder exponent spectrum
L = 216 = 65536, γ = 0.1 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 216 = 65536, γ = 0.5 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 216 = 65536, γ = 0.9 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 220 = 1048576, γ = 0.1 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 220 = 1048576, γ = 0.5 (monofractal)
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Generalized Hurst exponent and Hölder exponent spectrum
L = 220 = 1048576, γ = 0.9 (monofractal)
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Finite size effects
Hurst description, L = 212 = 4096
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Figure: Maximal and minimal value of generalized Hurst parameter
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Finite size effects
Hurst description, L = 216 = 65536
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Finite size effects
Hurst description, L = 220 = 1048576
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Finite size effects
Hurst description
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Figure: 95% confidence level for multifractal effects of finite shuffled
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Figure: Singularity spectrum width as a function of TS length
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Long memory effects
Hölder description
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Long memory effects
Hölder description, γ = 0.1
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Long memory effects
Hölder description, γ = 0.5
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Long memory effects
Hölder description, γ = 0.9
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Long memory effects
Hölder description, L = 212 = 4096
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Long memory effects
Hölder description, L = 216 = 65536
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Long memory effects
Hölder description, L = 220 = 1048576
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Long memory effects
Hurst description, L = 220 = 1048576
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Long memory effects
Hurst description
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Figure: The spread of generalized Hurst exponent for fully correlated
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Multifractal effects in monofractal signals
joined dependence on L and γ

∆h(γ, L) = A(L)γ + B(L)

boundary conditions: ∆h(0, L) ≡ ∆h0 = 0.453L−0.124

∆h(1, L) ≡ ∆hsh = 0.678L−0.114

95% confidence level

∆h95%(γ, L) = A95%(L)γ + B95%(L)

boundary conditions: ∆h(0, L) ≡ ∆h0 = 0.484L−0.120

∆h(1, L) ≡ ∆hsh = 0.785L−0.128
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,,Phase diagrams” for multifractality
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Typical values for analytical expresion for L = 1048576
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Analytical expression describing the ∆h(γ, L) dependence

∆h(γ, L) = C 95%
sh L−η

95%
sh γ + C0L

−η95%
0 (1− γ)

for 0 ≤ γ ≤ 1

where

Csh = 0.603 ηsh = 0.175

C0 = 0.453 η0 = 0.124

95% confidence level

C 95%
sh = 0.631 η95%

sh = 0.171

C 95%
0 = 0.484 η95%

0 = 0.120
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Fractality & Multifractality Hurst vs Hölder FFM Multifractal noise Conclusions

Analytical expression describing the ∆h(γ, L) dependence

∆h(γ, L) = C 95%
sh L−η

95%
sh γ + C0L

−η95%
0 (1− γ)

for 0 ≤ γ ≤ 1

where

Csh = 0.603 ηsh = 0.175

C0 = 0.453 η0 = 0.124

95% confidence level

C 95%
sh = 0.631 η95%

sh = 0.171

C 95%
0 = 0.484 η95%

0 = 0.120

G. Pamu la, D. Grech FENS2010

Multifractal Background of Monofractal Finite Signals with Long Memory



Fractality & Multifractality Hurst vs Hölder FFM Multifractal noise Conclusions
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,,Phase diagrams” for multifractality
Analytical expression of the ∆h(γ, L) for L = 2000
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Conclusions

any finite TS with or without long memory reveals
multifractal properties
multifractal spectrum disappearing for L→∞ and γ → 1
(mutifractal background noise – MBN) can be analytically
described with the help of numerical simulation of
monofractal long-correlated signals
Generalized Hurst approach offers much better fidelity to find

MBN than Hölder apprach
(

∆h(γ)
∆α(γ) ∼ 5

)
MBN significantly affects multifractal spectrum (e.g.more
than 50% of multifractality in finance comes from MBN)
one should subtract MBN in any multifractal analysis to deal
with ’true multifractality’ (differences in power-law scaling
properties not depending on the data length and the memory
magnitude (γ exponent) in TS)
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