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Application weighted VaR in capital allocation 

The paper deals with the application of a coherent risk measure weighted VaR. After investigating some basic properties of this risk measure, we apply the obtained results to the financial problems optimization and capital allocation. Under some assumption on mean weighted VaR have some good properties that are not shared by another tail measures. This allows one to say that weighted VaR is one of the most useful classes of coherent risk measures. Application deals with data from Warsaw Stock Exchange.
1 Introduction

One of the most difficult aspect of calculating VaR is selecting from among the many type of VaR methodologies and their associated assumptions. We should decided priror to calculating VaR depend on: time horizon, confidence interval, data series, mapping relevant risk factors and option valuation. Uses and meaning of the VaR value depend on this assumptions

The choice of time horizon depends upon the objectives of the portfolio and liquidity of its positions. Two of the most important consideration for selecting a time horizon are the liquidity of the instruments and expected holding period. Typically for trading and market operations VaR is computed using one day, one week or two week time horizon. However longer time horizon are often used for institutional investors and corporations.


The confidence interval defines the percentage of time that the firm should not lose more than VaR amount. The actual choice of confidence interval is not as important as understanding the implications of the choice and ensuring that limits are set accordingly. Frequently used confidence interval range from 90% to 99%. Research shows that 95% performs best back testing due to fat tails refers to the fact that large market moves occur more frequently than would occur if market returns were normally distributed.

The choice of historical data, implied or other ways to determine security relationships is important. Using implied correlations and volatilities results we have better predictor of risk available. Historical data set is very common in VaR calculations. Longer period of data have a richer return distribution while shorter periods allow VaR to react more quickly to changing market events. In addition the role of outliers in the data set need to be considered. In a crisis like now day data point falls out of the data set, a risk manager will see a decries in VaR that was no so much to do with the firm actual risk, but just the exclusion of the data point due the passage of time. One common method is that solves this problem is to use exponentially weighted data. Exponentially weighted data allows the VaR to react to changing market condition quickly. 

Different VaR methodologies can yield not only different VaRs, but different relative VaR movements, it is important to monitor the spread relationships between the VaR calculations on an actual portfolio or a least a sample portfolio. 

2. Basic definitions

Artzner et al. (1997) address the question of how a risk measure should behave for different risks on a finite-states probability space. The authors suggest a set of properties for a risk measure to be coherent: sub-additive, translation invariance, positive homogeneity and monotonic. The theory of coherent risk measures is a new, important, and rapidly evolving branch of modern financial mathematics. 

Let (Ω,F,P) be a probability space. It will be convenient for us to deal not with coherent risk measures, or their opposites called coherent utility functions (this enables one to get rid of numerous minus signs).

Definition. A coherent risk measures is a map (: L2 ( (-(,() with the properties: 

a) monotonic: X, Y ( G, if X ( Y, then ((Y) ( ( (X)

b) sub-additive: ((X + Y) ( ((X) + ( (Y), for all X, Y ( G 

c) positive homogeneity: X ( G i ( ( 0, (((X) = (((X)
d) translation invariance: c ( R, then ((X + c(rf) = ((X) – c
A very important class of coherent risk measures is given by:
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 were applied on polish capital market. [Trzpiot 2004, 2006]. Many papers deals with properties of this measures: Expected Shortfall [Acerbi, Tasche 2002], CVaR [Rockafellar, Urasev 2000], tail conditional expectation (Tail VaR) [Accerbi et al. 1999].
The importance of CVaR is seen from a result of Kusuoka, who proved that 
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 is the smallest law invariant coherent risk measure that dominates VaR(. This suggests that CVaR is one of the best coherent risk measures. We have a risk measure, which is call Weighted VaR. 

Definition. Weighted VaR It is given by 
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where 
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 is a probability measure on [0, 1]

There are two arguments in favor of Weighted VaR over CVaR goes as follows [Czerny]:

CVaR of order ( takes into consideration only the (-tail of the distribution of X; thus, two distributions with the same (-tail will be assessed by this measure in the same way, although one of them might clearly be better than the other (see Figure 1). On the other hand, if the right endpoint of supp μ is 1, then ρμ depends on the whole distribution of X.

If the weighting measure μ satisfies the condition supp μ = [0, 1], then ρμ possesses some nice properties that are not shared by ρ(. In particular, various optimization problems have a unique solution 

[image: image7.emf]
Figure. 1.  Two distributions have the same (-tails but the distribution 
on the right stochastically dominates the distribution on the left (FSD)
We have also a class of distorted measure. This is a functional on random variables defined as 

ρ(X) = 
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where Ψ : [0, 1] → [0, 1] is an increasing concave function with the properties Ψ(0) = 0, 
Ψ(1) = 1, and F is the distribution function of X. It turns out that the class of these functional (with different Ψ) is exactly the class of Weighted VaR’s (with different μ). 

3. Quantile Regression as a risk measure

We should solve a problem of finding an minimum of coherent risk measures, which is equivalent to find a maximum of Choquet expected value using linear form of the utility function and a concave distortion function 
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Empirical strategies for  minimizing weighted risk lead to the methods of quantile regression 
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denote the piecewise linear (quantile) loss function and consider the problem
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Any solving of this problem is an ( quantile of the random variable X.

When we write quantile regression problem in general case we have a problem of estimations a vector of unknowns parameters b, for a sample of independent observations form a random variables Y1,Y2,...,YT according to rule:

P(Yt < y) = F(y – xtb),  t=1,…T




(2)

where {xt, t=1,…T} is a row in know matrices of observations (size T(K) and distribution of  F is unknown [Trzpiot 2007].

Given (yt; xt), for t = 1,…T, the quantile model can be estimated by regression quantiles, which are defined by the minimization problem: 
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(3)
Writing as {xt, t=1,…T} sequence of  K vectors (rows) of observation matrices, we assume, that {yt, t=1,…T} is a random sample of regression process: ut = yt – xtb having distribution F. Then regression quantile (, for 0 < ( < 1 is done as a solution of a problem:
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(4)

If K=1 and xt = 1for all t, a problem (4) can reduce to problem (3). The smallest absolute error is then equales to median. The problem (4) always hale a solution, for a continuous distribution his solution is unique.

The problem of finding minimum can be reformulated as equivalent linear programming problem:
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where 
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where 
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 is a unity vector of size T.

4. Capital allocation problem 

Given a random sample xi, for  i = 1,…, n on X, an  empirical analogue of ( - risk can be formulated as: 
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(6)

where 
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i. We observe a sample : xi1, …., xip for i = 1,…, n from a joint distribution of assets return and we minimizing the Lagrangean
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Writing some additional constraint to the weights we reformulate the problem
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where 
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Based on quanlite regression problem we can write the sample analogue of this problem as: 
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where 
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Although the (- risk provide one parameter family of coherent risk measures it is natural to consider weighted averages
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where weights 
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 k =1,..,m, are positive and sum to one.

These general risk criteria can be implemented empirically: 
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and
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We should solve m estimated quantiles of the returns of the return distribution of the chosen portfolio. In effect we solve m distinct quantile regression problem. Asymptotic properties of this estimators is discussed in Koenker (1978). 
5. Application in allocation problem on Warsaw Stock Exchange
We applied the method described in previews section form empirical data set from Warsaw Stock Exchange. As an sector we choose banking sector so we consider our analysis with  WIG-BANKI as an benchmark. We have daily returns from 04.01.2008 to 13.03.2009 and for trading and market operations VaR we computed using one day.

The confidence interval defines the percentage of time that the firm should not lose more than VaR amount. We choose for quantile regression model confidence interval for ( equals 0,01, 0,02 and 0,05. Estimations of parameters for quantile regression model we have in tables 1-3.
Table 1. Parameters of quantile regression models for ( = 0,01

	asset
	BOŚ
	BRE
	BZWBK
	HANDLOWY
	GETIN
	INGBSK
	KREDYTB
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	-0,4824

(0,01559
	-0,0989

(0,0080)
	-0,2294

(0,0098)
	-0,1110

(0,0031)
	-0,0876

(0,0115)
	-02611

(0,0097)
	-0,1896

(0,0109)
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	-4,7969

(0,1870)
	-0,1014

(0,0945)
	-1,7555

(0,1152)
	-0,7948

(0,0563)
	0,0477

(0,1357)
	-2,2037

(0,1144)
	-1,5247

(0,1286)

	asset
	MILLENIUM
	NOBLEBANK
	PEKAO
	PKOBP
	UNICREDIT
	BPHPBK
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	-0,1591

(0,0051)
	0,0208

(0,0174)
	-0,0385

(0,0140)
	-0,2303

(0,0101)
	-0,0769

(0,0075)
	-0,2020

(0,0197)
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	-0,8249

(0,0603)
	1,3727

(0,2048)
	0,5309

(0,1651)
	-1,8201

(0,1191)
	0,1389

(0,0880)
	-1,4933

(0,2320)
	


Source: main calculation

Table 2. Parameters of quantile regression models for ( = 0,02

	asset
	BOŚ
	BRE
	BZWBK
	HANDLOWY
	GETIN
	INGBSK
	KREDYTB
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	-0,0698

(0,0028)
	-0,0460

(0,0023)
	-0,1035

(0,0045)
	-0,0549

(0,0032)
	-0,0023

(0,0053)
	-0,0622

(0,0049)
	-0,0579

(0,0027)
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	-0,6253

(0,0511)
	0,4317

(0,0307)
	-0,4174

(0,0601)
	-0,1793

(0,0592)
	0,9912

(0,0708)
	-0,1499

(0,0658
	-0,1017

(0,0368)

	asset
	MILLENIUM
	NOBLEBANK
	PEKAO
	PKOBP
	UNICREDIT
	BPHPBK
	

	
[image: image41.wmf])

(

ˆ

0

a

b


	-0,0987

(0,0035)
	0,0051

(0,0070)
	-0,0526

(0,0044)
	-0,0866

(0,0038)
	-0,0605

(0,0030)
	-0,0511

(0,0054)
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	-0,1983

(0,0474)
	1,1441

(0,0935)
	0,2514

(0,0586)
	-0,2563

(0,0515)
	0,2803

(0,0407)
	0,0663

(0,0725)
	


Source: main calculation

Table 3. Parameters of quantile regression models for ( = 0,05

	asset
	BOŚ
	BRE
	BZWBK
	HANDLOWY
	GETIN
	INGBSK
	KREDYTB
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	-0,0698

(0,0028)
	-0,0453

(0,0012)
	-0,0733

(0,0035)
	-0,0549

(0,0032)
	-0,0315

(0,0024)
	-0,0440

(0,0014
	-0,0263

(0,0013)
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	-0,6253

(0,0511)
	0,3789

(0,0225)
	-0,3028

(0,0640)
	-0,1793

(0,0592)
	0,4164

(0,0443)
	-0,1470

(0,0250)
	0,1937

(0,0242)

	asset
	MILLENIUM
	NOBLEBANK
	PEKAO
	PKOBP
	UNICREDIT
	BPHPBK
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	-0,0397

(0,0018)
	-0,0222

(0,0048)
	-0,0526

(0,0044)
	-0,0567

(0,0020)
	-0,0566

(0,0025)
	-0,0510

(0,0007)
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	0,4020

(0,0330)
	0,6855

(0,0891)
	0,2514

(0,0586)
	-0,0464

(0,0361)
	0,2460

(0,0456)
	-0,1437

(0,0136)
	


Source: main calculation


We observe nonlinear dependences and additionally extreme values. We can observe that the confidence interval have not to big influence for estimation errors. From bunch of assets taking to research the biggest fast loss according to extreme loss was observed on BOŚ and ING. IF we change level of sensitivity for risk to confidence interval for 0,98 or 0,95 we not observe such an extreme situation. That situation consist to choose the last confidence interval for analysis.
Table 4. Parameters of asset banking sector in first quarter 2008

	asset
	return
	weighted VaR0,05
	loss

	BOS
	0,0012
	1,5501
	1,94%

	BRE
	0,0055
	5,9680
	3,04%

	BZWBK
	0,0051
	2,4903
	3,12%

	GETIN
	0,0037
	0,4132
	3,32%

	HANDLOWY
	0,0021
	2,5582
	2,88%

	INGBSK
	0,0061
	16,8638
	3,18%

	KREDYTB
	0,0018
	0,6771
	3,08%

	MILLENIUM
	0,0061
	0,3349
	4,04%

	NOBLEBANK
	0,0034
	0,4216
	4,13%

	PEKAO
	0,0027
	7,4735
	3,79%

	PKOBP
	0,0023
	1,3252
	2,94%

	UNICREDIT
	0,0054
	0,6092
	4,12%

	BPHPBK
	0,0028
	1,7856
	1,98%


Source: main calculation


In next step of analysis we figure out the level of exponentially weighed VaR0,05 and the level of loss. We divided chosen period of time to five quarters. The results we present in tables (tables 4-7) and on graphs (figure 2 and 3) 

Table 5. Parameters of asset banking sector in second quarter 2008

	asset
	return
	weighted VaR0,05
	loss

	BOS
	-0,0010
	2,9541
	3,44%

	BRE
	0,0005
	5,2282
	2,66%

	BZWBK
	0,0052
	2,6389
	1,93%

	GETIN
	0,0054
	0,3784
	4,16%

	HANDLOWY
	0,0018
	1,3923
	1,74%

	INGBSK
	0,0042
	5,3999
	1,30%

	KREDYTB
	0,0038
	0,1750
	0,99%

	MILLENIUM
	0,0035
	0,1818
	2,67%

	NOBLEBANK
	0,0040
	0,1471
	1,83%

	PEKAO
	0,0032
	3,4660
	2,11%

	PKOBP
	0,0001
	0,9548
	2,08%

	UNICREDIT
	0,0027
	0,5215
	4,09%

	BPHPBK
	0,0039
	1,8833
	2,62%


Source: main calculation
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Figure. 2. Level of weighted VaR in banking sector by quarters
Table 6. Parameters of asset banking sector in third quarter 2008

	asset
	return
	weighted VaR0,05
	loss

	BOS
	0,0001
	4,5098
	5,02%

	BRE
	0,0024
	7,8734
	4,01%

	BZWBK
	-0,0012
	5,6395
	3,70%

	GETIN
	0,0006
	0,3802
	4,22%

	HANDLOWY
	0,0039
	1,4596
	2,30%

	INGBSK
	-0,0030
	14,6486
	2,87%

	KREDYTB
	0,0041
	0,2730
	1,99%

	MILLENIUM
	0,0017
	0,2581
	4,10%

	NOBLEBANK
	0,0028
	0,1410
	2,05%

	PEKAO
	-0,0002
	1,4426
	3,32%

	PKOBP
	0,0028
	1,4426
	3,32%

	UNICREDIT
	0,0046
	0,4517
	4,61%

	BPHPBK
	0,0009
	2,2849
	3,31%


Source: main calculation

Table 7. Parameters of asset banking sector in fourth quarter 2008

	asset
	return
	weighted VaR0,05
	loss

	BOS
	0,0031
	2,4285
	0,0313

	BRE
	0,0089
	9,0358
	0,0460

	BZWBK
	0,0061
	4,5539
	0,0411

	GETIN
	0,0107
	0,2172
	0,0437

	HANDLOWY
	0,0054
	2,3332
	0,0486

	INGBSK
	0,0033
	11,5624
	0,0269

	KREDYTB
	0,0038
	0,4036
	0,0356

	MILLENIUM
	0,0143
	0,0774
	0,0269

	NOBLEBANK
	0,0136
	0,0878
	0,0275

	PEKAO
	0,0063
	6,6930
	0,0530

	PKOBP
	0,0042
	2,1525
	0,0606

	UNICREDIT
	0,0063
	0,5508
	0,0769

	BPHPBK
	0,0124
	1,0577
	0,0300


Source: main calculation

As we can observe on graphs two banks INGBK and BRE was characterizing by the highest level on changing weighted VaR in observed period of time. That was depend on value of assets on the beginning of 2008 year. Percentage loss was almost the same in hole group of assets. The biggest percentage loss we can observed for two banks GETIN and UNICREDIT.
Table 8. Parameters of asset banking sector in first quarter 2009

	asset
	return
	weighted VaR0,05
	loss

	BOS
	0,0023
	1,3687
	1,96%

	BRE
	0,0119
	7,0017
	5,84%

	BZWBK
	0,0108
	3,0504
	4,42%

	GETIN
	0,0087
	0,2212
	6,43%

	HANDLOWY
	0,0083
	1,2510
	3,75%

	INGBSK
	0,0173
	11,0580
	2,79%

	KREDYTB
	0,0177
	0,1645
	3,11%

	MILLENIUM
	0,0104
	0,0521
	2,83%

	NOBLEBANK
	0,0039
	0,0867
	3,10%

	PEKAO
	0,0090
	3,6005
	4,09%

	PKOBP
	0,0105
	0,8378
	3,74%

	UNICREDIT
	0,0128
	0,3024
	7,36%

	BPHPBK
	0,0100
	1,2278
	5,34%


Source: main calculation
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Figure. 3. Level of loss in banking sector by quarters
Source: main calculation


Final step was allocation problem and construction an portfolios, and also evaluating the parameters of this portfolios in time. The result was noticed in tables 9 and 10. We can see that in each portfolio allocated different assets with different weighted depend of changing in the liquidity, weighted VaR and loss level of the instruments. The expected holding period we assumed as three months.

Table 9. Portfolio for banking sector

	Portfolio

assets
	I quarter 2008
weight
	II quarter 2008
weight
	III quarter 2008
weight
	IV quarter 2008
weight
	 I quarter 2009
weight

	BOS
	 
	 
	 
	30,00%
	23,41%

	BRE
	30,00%
	 
	 
	 
	 

	BZWBK
	10,00%
	30,00%
	 
	 
	 

	GETIN
	 
	 
	 
	10,45%
	 

	HANDLOWY
	 
	 
	30,00%
	1,80%
	9,21%

	INGBSK
	30,00%
	30,00%
	 
	30,00%
	30,00%

	KREDYTB
	 
	 
	30,00%
	9,56%
	11,14%

	MILLENIUM
	 
	 
	 
	 
	26,25%

	NOBLEBANK
	 
	30,00%
	10,00%
	18,19%
	 

	PEKAO
	 
	 
	 
	 
	 

	PKOBP
	 
	 
	 
	 
	 

	UNICREDIT
	30,00%
	 
	30,00%
	 
	 

	BPHPBK
	 
	30,00%
	6,49%
	 
	 


Table 10. Parameters of portfolio for banking sector 
	
	I quarter 2008
	II quarter 2008
	III quarter 2008
	IV quarter 

2008
	I quarter 2009

	Return
	0,56%
	0,44%
	0,41%
	0,60%
	1,12%

	Risk
	2,21%
	1,36%
	2,50%
	2,50%
	2,50%


The main goal of the analysis was to compare different weighed VaR methodologies which yield not only different risk description, but different relative VaR movements. As was mentioned it is important to monitor the spread relationships between the VaR calculations on an actual holding portfolio. 
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