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Problems of opportunity set in multi-element portfolio.
Introduction

The simplest and the most classical example of the theory is a portfolio assembled of two kinds of stocks.[ Francis, Taylor 2001, Jurek 2001, Elton, Gruber 1998] In bibliography, for the geometrical illustration of the interdependence between risk s and return z of the portfolio a certain curve is used, without giving its name or equation. [Haugen 1996] This refers to the case when the correlation coefficient of stocks A, B is 
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. It turn out that, it is a hyperbola; strictly speaking, a part of its right branch. [Karpio 2000, Koszela 2001, Koszela 2003].

Let us consider a portfolio assembled of n kinds of stocks of value shares of wi, (where 
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), with standard deviations of the rate of return (risk) si, expected rate of return (return) zi and related according to correlation coefficient of the rate of return ρij, where i, j = 1,...,n.

Let us assume that all shares wi are nonnegative, though it can also be assumed that some shares of n-element portfolio are negative. 

Let z denote return, and s –risk of the portfolio.

The portfolio’s rate of return (return) is defined:
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(1)
the variance V of the portfolio’s rate of return is defined:
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(2)
For stocks A and B, let us denote their return by zA and zB, their risk by sA i sB, and their value shares in the portfolio by wA and wB, respectively, where

wA + wB = 1, wA ≥ 0,  wB ≥ 0. 
(3)

For the portfolio assembled of two kinds of stocks A and B. From (2) we have:
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 (4)
Where from (1) and (3)


[image: image6.wmf]î

í

ì

=

=

×

+

+

×

z

w

z

w

w

z

w

B

B

B

A

A

A

1

 
 (5)
Hence,
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Putting the determined values wA and wB  (6) into (4), after transformations, we obtain

The equation of the hyperbola:
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(7)
This equation we can present as:
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(8)
It is an equation of the hyperbola with the centre of symmetry in point (0,zM).

Thus, we obtain the following geometrical interpretation.
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Figure 1. The hyperbola  – the interdependence between return and risk for
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. [source: own calculations]
Curve AMCB covers all two-element portfolios assembled of stocks A and B; points A and B correspond to portfolios comprising exclusively stocks A or B, respectively. Moving along the hyperbola from point A to B, we increase the share of stocks B in the portfolio, at the expense of A. In vertex M of the hyperbola we obtain the portfolio with minimum risk, equal to a, and with return equal to zo. In view of the investment, it should be avoided to establish portfolios corresponding to curve AM, as on curve MC there can be found a portfolio with an identical risk, but yielding higher return.

In a case when one of the shares is negative, that means that the other share exceeds 100%. Then we have to deal with the so-called short sale in the theory of portfolio. It consists of purchasing some stocks for the funds obtained from the sale of other stocks. [Staley 2001] Point  corresponding to the “old” portfolio, lie on a curve reflecting the dependence of return on risk (between point A and point B), while point, corresponding to a “new” portfolio, lie on an extension of the curve to the right of point B.

The above geometrical interpretation, concerning the hyperbola, the short sale and equations of curves illustrating the dependence of return on risk when ρAB = 1 and ρAB= -1

were presented in separate papers. [Koszela 2001, 2003, 2004a, 2004b]  In this paper, they are an introduction to next considerations.
Opportunity set in multi-element portfolio
In introduction there has been presented an equation of the hyperbole illustrating the dependence of return on risk for a two-element portfolio. Point M corresponding to the portfolio with minimum risk lie in the vertex of this hyperbole. In such case it is only natural to pose a question:
Where do points M = (sM, zM), illustrating a three-element minimum risk portfolio, lie?

When discussing multi-element portfolios, a standard geometrical illustration presents a figure called (including its edge and inside) an opportunity set, with a suggestion that it includes all possible values of risk (standard deviation) and return (expected rate of return), which may appear for various shares of stocks in a multi-element portfolio. Situation 1 in Figure 2 below is a typical geometrical illustration concerning three-element portfolios, assembled of three kinds of stocks A, B, and C. [Francis 2000, Brigham 2000] It is astonishing that in specialist bibliography other geometrical illustrations, which would correspond to various interrelated positions of hyperbolas, showing the dependence of return on risk for three possible pairs of stocks A - B, A – C, B – C, selected from among A, B, and C,  are unavailable. These possible situations are shown in situation 1 – 4 . 

[image: image13]
Figure 2.Various interrelated positions of hyperbolas, showing the dependence of return on risk for three possible pairs of stocks A - B, A – C, B – C. [source: own calculations]
In order to find a minimum risk portfolio, two methods of searching for a minimum of a function, which has 
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) are applied [Fichtenholz 1966]:
Method 1. The search for a minimum of a function of n-1 variables, obtained from V (after the elimination of one variable, by the application of condition 
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(9)

After the confirmation of the existence of the minimum it is most convenient to use the notion of square form.

Method 2. The search for a conditional minimum of function V with the condition 
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, through the search for a minimum of the so-called Lagrange function 
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. The function has n+1 variables, but value ( (called Lagrange multiplier) is insignificant for the composition of the portfolio, and for the confirmation of the minimum, for which it is most convenient to use the notion of a differential of second order of function Φ, taking into account the conditional character of increments, i.e., equation dw1 + ... + dwn = 0.

No-typical positions for point M illustrating the portfolio with minimum risk for three-element portfolio
The next example is based on hypothetical data. It would show all interrelated positions of our hyperbolas from Figure 1 and would show the position of point M outside area which is constructed by these hyperbolas. 
Example 1.
Three kinds of stocks has been issued: A, B, C. Find the composition of a minimum risk portfolio (wA, wB, wC) and the corresponding return (zM) and risk (sM), if the portfolio is assembled of stocks A, B, and C (carrying sA, sB and sC risk, and bringing in zA, zB, and zC return, respectively, and related according to correlation coefficients (AB, (AC, (BC). The results for four situations based on hypothetical data show a table below:
	SITUATIONS
	Situation 1
	Situation 2

	Data
	sA = 9%, sB = 14%, sC = 11%,
zA = 4%, zB = 15%, zC = 11%,
(AB = -0,85, (AC = 0,01, (BC = 0,36.
	sA = 8%, sB = 11%, sC = 10%,
zA = 4%, zB = 14%, zC = 9%,
(AB = -0,62, (AC = 0,27, (BC = -0,54.

	Hyperbole A-B
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	Hyperbole A-C
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	Hyperbole B-C
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	wA, wB, wC
	wA = 1,14, wB = -0,63, wC = 0,49,
	wA = -1,06, wB = 1,07, wC = 0,99,

	sM, zM
	sM = 49,86%, zM = 0,47%.
	sM = 116,91%,
 zM = 19,68%.

	SITUATIONS
	Situation 3
	Situation 4

	Data
	sA = 8%, sB = 9%, sC = 5%,
zA = 4%, zB = 15%, zC = 10%,
(AB = 0,01, (AC = -0,52, (BC = -0,18.
	sA = 8%, sB = 10%, sC = 9%,
zA = 2%, zB = 14%, zC = 8%,
(AB = -0,08, (AC = -0,75, (BC = -0,64.

	Hyperbole A-B
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	Hyperbole A-C
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	Hyperbole B-C
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	wA, wB, wC
	wA = 0,29, wB = 0,14, wC = 0,57,
	wA = 0,35, wB = 0,23, 
wC = 0,42.

	sM, zM
	sM = 3,28%,
zM = 8,97%.
	sM = 7,50%, zM = 7,30%


Table 1. Four three-element portfolios assembled of three kinds of hypothetical stocks [source: own calculations]
Figure 3 below is a geometrical illustration of these 4 situations.

[image: image32]
Figure 3. Three-element portfolio – illustration of four situations from example 1. [source: own calculations]
In above example all parameters (risk, return and correlation coefficient) of stocks A, B, C have been selected so that they adjust for all situations from figure 2 and additionally point M is illustrating the portfolio with minimum risk lay beyond area indicated by hyperboles.
Next example based on empirical data, will confirm above considerations.

Example 2.

We will find composition of a minimum risk two portfolios assembled of stocks from three companies (out of WGPW index) and the corresponding return (zM) and risk (sM). Usen data are from 23.12.03 - 27.08.04 period and concern closure prices of each week end.
a) Sokołów (SKW)

Rolimpex (RMX)

Pepees (PPS)

b) Sokołów (SKW)

Rolimpex (RMX)

Kruszwica (KSW)

a) Portfolio SKW-RMX-PPS

	sSKW = sA =  6,61%,

zSKW = zA = 1,92%,

(SKW-RMX = (AB = 0,30,
	sRMX = sB = 4,76%,

zRMX = zB = 0,99%,

(SKW-PPS = (AC = 0,27,
	sPPS = sC = 4,93%,

zPPS = zC = 1,39%,

(RMX-PPS = (BC = 0,16.


We apply one of earlier mentioned methods and we find the composition of three-element portfolio with minimum risk.
wSKW = 28,59%
wRMX = 50,60%
wPPS = 20,81%
The corresponding risk sM = 3,78% and return zM = 1,34%.
Hyperboles illustrating the dependence of return z on risk s for three possible pairs of stocks posses equations:

	Hyperbole SKW-RMX
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	Hyperbole SKW-PPS
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	Hyperbole RMX-PPS
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Figure 4 below is a geometrical illustration of this situation:

[image: image36]
Figure 4. Three-element portfolio SKW-RMX-PPS – illustration of example 2. [source: own calculations]
It is necessary to take under consideration form of area indicated by hyperboles (similar to situation 4 from figure 2) and position of point M illustrating the portfolio with minimum risk (outside the area indicated by hyperboles).

b) Portfolio SKW – RMX - KSW

	sSKW = sA =  6,61%,

zSKW = zA = 1,92%,

(SKW-RMX = (AB = 0,30,
	sRMX = sB = 4,76%,

zRMX = zB = 0,99%,

(SKW-KSW = (AC = 0,31,
	sKSW = sC = 5,47%,

zKSW = zC = 0,52%,

(RMX-KSW = (BC = 0,19.


The composition of three-element portfolio with minimum risk:
wSKW = 32,05%
wRMX = 55,54%
wKSW = 12,41%
The minimum risk of this portfolio sM = 3,56% and corresponding return zM = 1,23%
Hyperboles illustrating the dependence of return z on risk s for three possible pairs of stocks have equations:

	 Hyperbole SKW-RMX


[image: image37.wmf](

)

[

]

(

)

1

58

,

0

25

,

1

z

36

,

4

s

2

2

2

2

=

-

-


	Hyperbole SKW-KSW
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	Hyperbole RMX-KSW
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Figure 5 below is a geometrical illustration of this situation:


[image: image40]
Figure 5. Three-element portfolio SKW-RMX-PPS – illustration of example 2. [source: own calculations]
The form above area indicated by hyperboles is similar to situation 3 from figure 2. The point M lay beyond area indicated by hyperboles as previously.
Conclusions

The figure 4 and figure 5 (from example 2 on empirical data based) confirm received results from example 1 (on hypothetical data based) and figures 2-3. It shows that areas indicated by hyperboles (which show the interdependence between risk and return for individual couples of stocks) may have various forms (may differ from described in bibliography). Next important matter is the case that points M, which are corresponding to minimum risk portfolio, may lie outside the opportunity set. It also means that the name “opportunity set” is unfortunate. The fact may permit to pose a question for a geometrical explanation of the above situations. Authors shall try to answer this question in separate paper (in preparation).
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