Comparison of the deterministic and stochastic approaches for estimating technical efficiency on the example of non-parametric DEA and parametric SFA methods
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Abstract 
The author considers in the article estimation of the technical efficiency, which measures the ability of the company to obtain the maximum output from given inputs or to use the minimum input to achieve given outputs. The comparison of two approaches: deterministic (on the example of DEA – Data Envelopment Analysis) and stochastic (on the example of SFA – Stochastic Frontier Approach) has been carried out, the advantages and disadvantages of both were also described. These methods were chosen because they have become popular in polish research. They are used since a couple of years by many economists, agro-economists and financiers to estimate efficiency of companies. In the article the possible limitations and problems, which may influence results of studies conducted by using these methods, were considered.  
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Introduction

The empirical applications of efficiency analysis were conducted in such sectors like: accounting, advertising, auditing and law firms, airports, air transport, bank branches, bankruptcy prediction, community and rural health care, dentistry, education, electricity, environment, fishing, forestry, hospitals, hotels, macroeconomics, military, rail transport, sport, tax administration, water distribution etc. (Fried et al. 2008, p 16). The DEA (Data Envelopment Analysis) and SFA (Stochastic Frontier Approach) are the main methods commonly used to estimate efficiency of a DMU – Decision Making Units (commercial entities that produce tangible goods and services that are sold in the market place, enterprise involved in delivering services or in the non-market sector, public bodies, national economic sector etc.). 
The first method is a non-parametric, deterministic procedure for evaluating the frontier. Non-parametric procedures determine a frontier which “envelops” the observations. DEA employs flexible, nonparametric methods to construct the best-practice frontier and so allows the data to “speak for themselves” (Bates, Baines & Whynes 1996, p 1443). For the deterministic approaches the frontier is defined by the maximum distances between input and output. Random error and characterises deviations from the frontier are interpreted as inefficiency (Coelli et al. 2005). The DEA bases on a linear programming model which allows to build a piecewise linear frontier and assumes a convex production sets. A less constrained alternative to DEA is non-stochastic method known as free-disposal hull (FDH). 

The second one widely uses stochastic procedure for parametric evaluating the frontier. The approach is stochastic – it considers additionally a random variable. The stochastic frontier approach treats deviations from production function as comprising both random error (white noise) and inefficiency (Mortimer & Peacock 2002, p 2). This enables a distinction between a random symmetrical component which accounts for measurement errors and stochastic effects (e.g. due to weather influences) and a symmetric deviation component which represents the inefficiency. The SFA as a parametric approach requires assuming a specific function form a priori, the frontier is estimated econometrically by some variant of last squares or maximum likelihood (Coelli et al. 2005). The SFA bases on econometric regression model, the frontier is smooth, appropriately and curved.  
Both methods require all decision making units to have comparable inputs and outputs. Both methods can handle multiple input and multiple output models. These techniques should be used in conjunction with carefully complied data on input and output quantities and prices (Coelli et al. 2005, p 133).     
Deterministic, non-parametric model (on the example of DEA) 
The piece-wise-linear convex hull approach to frontier estimation, proposed by Farrell (1957), was considered by only a few authors in the two decades following Farrell’s paper. Boles (1966), Shepard (1970) and Afriat (1972) suggested mathematical programming methods that could achieve the task, but the method had not received wide attention until the paper by Charnes, Cooper and Rhodes (1978), in which the term data envelopment analysis (DEA) was first used. Since then a large number of paper have appeared, which have extended and applied the DEA methodology. 
For each DMU, to estimate efficiency, one would like to obtain a measure of the ratio of all outputs over all inputs, such as u’qi/v’xi, where u is a vector of output weights and v is a vector of input weights. The optimal weights are obtained by solving the mathematical programming problem (Coelli et al. 2005, p 162): 
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This involves finding values for u and v, such that the efficiency measure for the i-th DMU maximised, subject to the constrains that all efficiency measures must be less or equal to one.  One considers the input-output combinations that are observed in the examined sample of decisions making units. An efficiency measurement is calculated basing on the distance between the input-output combination of the respective unit and the frontier (Farrell 1957).  
Figure 1. A two input and one output case
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Source: Cooper et al. 2007, p 57
The technical efficiency for DMU B is calculated as a ratio (s. Figure 1): 
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Point P indicates a virtual DMU which is similar to B, but located on the frontier. Using virtual benchmarks such as P implies that linear combinations of real DMUs (in this case E and D) are considered. 
Stochastic, parametric model (on the example of SFA)
Stochastic frontier analysis (SFA) is an alternative method to frontier estimation that assumes a given functional form for the relationship between inputs and an output (Coelli et al. 2005, p 209). The stochastic production function model was proposed independently by Aigner, Lovell, Schmidt and Meeusen, van den Broeck in 1977. The model had following form:

[image: image6.wmf]ln

iiii

qxu

bn

¢

=+-











(1.2)
where q represents the output of the i-th DMU, xi is a K×1 vector containing the logarithms of inputs, β is a vector of unknown parameters, and ui is a non-negative variable associated with technical inefficiency, vi is a symmetric random error, to account for statistical noise. The statistical noise arises from the inadvertent omission of relevant variables form vector xi, as well as from measurement errors and approximation errors with the choice of functional form. 
In the equation (1.2) the output values are bounded by the stochastic variable:  
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The value vi can be positive or negative and so the stochastic frontier outputs vary about the deterministic part of the model: 
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(1.4)
The SFA requires choosing a production function model: Coob-Douglas, CES, translog, generalised Leontief, normalised quadratic and its variants. The translogarithmic and the Cobb-Douglas production functions are the two most common functional forms which have been used in empirical studies on production, including frontier analyses (Battese & Broca 1997, p 397). Using the Cobb-Douglas stochastic frontier model
 one can illustrate the variation of random error about the deterministic part. A Cobb-Douglas stochastic frontier model takes the form:
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so
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(1.6)
The observed deviation from actual point of production to the frontier (
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) is a composed error. Random component v refers to unsystematic deviations from the frontier – noise. 
In the Figure 2 the deterministic model with the error noise and inefficiency effect was shown. The feature of frontier model was explained on the example of two DMUs: A and B, which are using the input xA and xB for producing the output yA and yB respectively. 
Figure 2. The stochastic production frontier
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Source: Own work on the basis of Coelli et al. 2005, p 244
In the figure the so-called frontier output is depicted. This measure assumes the case if there were no inefficiency effects (i.e., uA=0 and uB=0). The values q* assume no inefficiency effects (i.e., if uA=0 and uB=0). For the DMU A the frontier output lies above the deterministic part of the production frontier (the value q*A) only because the noise effect is positive (i.e., vA>0). The frontier output of the second DMU lies below the deterministic part of the frontier (the value q*B) because the noise effect is negative (i.e., vB<0).  
The frontier outputs tend to be evenly distributed above and below the deterministic part of the frontier. However, observed outputs tend to lie below the deterministic part of the frontier. Indeed, they can only lie above the deterministic part of the frontier when the noise effect is positive and larger than the inefficiency effect (Coelli et al. 2005, p 244). 
Commonly using output-oriented measure of technical efficiency is the ratio of observed output to the corresponding stochastic frontier output:
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(1.7)

Regarding to the equation 1.6 the TE takes a value between zero and one. It is important to understand that it measures the output of i-th DMU relative to the output that could be produced by a fully-efficient DMU using the same input vector. So using the SFA one can estimates a relatively efficiency of some DMU. 
In series of studies authors have explored the implications of variety of distributional assumption an estimation of efficiency. Generally it is required to assume a distribution of u from: 

· half-normal distribution: 
[image: image14.wmf](0,)

iu

uN

s

+

:

,

· exponential distribution: 
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· truncated-normal distribution: 
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· gamma distribution: 
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The first two distributions have just a single parameter, are empirically traceable and easy to estimate. The last two distributions have two parameters, what makes them more flexible but also more difficult to estimate. The choice of distribution of u influences quite strongly a level of TE and less rankings of DMUs. Under fairly weak assumption it is usually possible and appropriate to estimate models using the method of last squares. Slightly stronger distributional assumption allows estimating the unknown parameters using maximum likelihood
 or Bayesian techniques
 (Coelli et. al 2005, p 240). When decisions about function and distribution must be made, it is recommended to estimate a number of the alternative models and to select a preferred model using likelihood ratio test (Coelli 1996).   
Commonly used method for estimation of stochastic frontier is a maximum likelihood (ML). ML estimations rest on the assumption that the distribution of the errors is actually known. Battese and Coelli (1992) propose a stochastic frontier production function which is assumed to be distributed as truncated normal random variables. 
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Limitations and problems with DEA applications 
In conducting a DEA study some limitations and possible problems may encounter. 
· One of the most notable characteristics of DEA is its deterministic approach to efficiency measurement. DEA does not allow for estimation or measurement error. The full distance of a brand to the efficiency frontier is interpreted as inefficiency. But a measurement error or other noise and outliers may influence the shape and position of the frontier. 
· The exclusion of an important input or output can result in biased results.
· Efficiency measurements can differ depending on the model specifications (input- vs. output-oriented models) and the variable specification (e.g. the degree of aggregation and the units used to measure inputs and outputs). 

· The efficiency scores are only relative to the best DMU in the sample. The inclusion of extra DMU (e.g. from other countries) may reduce efficiency scores. 
It has been pointed out that the technical efficiency of any single enterprise or decision making unit (DMU) estimated using data envelopment analysis (DEA) will tend to decrease as the number of DMUs included in the DEA application increases (Zhang & Bartels 1998, p 187). This is because, as the number of DMUs increases, the chance of encountering enterprises close to the true production frontier increases, and therefore the frontier constructed by DEA approaches the true frontier asymptotically as the number of enterprises in an industry increases (Banker 1989).
· DEA is good at estimating "relative" efficiency, thus the measurements are only valid in a sample. Units which have not been included in the sample can produce a shift of the frontier. The method’s results say nothing about the efficiency of one sample relative to the other – they only reflect the dispersion of efficiencies within each sample. One should not compare the mean efficiency scores from two studies. 
· The addition of an extra DMU in a DEA analysis cannot result in an increase in the TE scores of the existing enterprises. 
· The addition of an extra input or output in DEA model cannot result in a reduction in the TE scores.

· When one has a few observations and many inputs and/or outputs, many of DMUs will appear on the DEA frontier. One could reduce the sample size and increase the number of inputs and/or outputs in order to increase the TE scores. 
· Not accounting for environmental differences may give misleading indications of relative managerial competence.

· Standard DEA does not account neither for multi-period optimisation nor risk in management decision making. 
· Since DEA is a nonparametric technique, statistical hypothesis tests are difficult.
Limitations and problems with SFA applications 
In conducting a SFA study some limitations and possible problems may encounter. An analyst should keep these limitations in mind when choosing whether or not to use SFA.
· In SFA studies an assumption regarding to a specific functional form of stochastic frontier is required a priori. A wrong choice of production function may influence the results.  
· The simple production frontier model does not permit the prediction of the technical efficiencies of companies that produce multiples outputs.  

· The maximum likelihood does not allow assessing the reliability of inferences in small samples. 

· Absolute level of TE is quite sensitive to distributional assumptions, rankings are less sensitive. 
· The SFA requires using of large number of DMUs.
· It should also be stressed that all of issues described concerning to DEA method are also applicable (in varying degrees) to the stochastic frontier method.  
Conclusions
The traditionally econometric belief in the presence of external forces contributing to random statistical noise is continuing maintained. Thus, it is desirable for the econometric approach to be relatively more successful than others, so as to provide the basis for a subsequent investigation into determinants of variations in the efficiency. On the other hand, a researcher has to choose the functional form of the frontier and make an assumption regarding to distribution of variation in inefficiency. A wrong choice may be corrected on the basis of statistical test (e.g. likelihood ratio test or alternatively Wald’s test).    
In conducting a DEA study, the production frontier “envelops” the observations, thus it does not require an assumption of a functional form relating inputs to outputs. Random deviations from the frontier are interpreted as inefficiency; the statistical noise is not included. A disadvantage of DEA method is that a frontier position and efficiency scores may be strongly influenced by a measurement error or outliers. In the same way the exclusion of an important input or output results. The DEA method is useful for the relatively to SFA smaller sample. But one should be carefully because a small number of DMUs may causes that many of DMUs will appear on the DEA frontier and an average level of efficiency scores will be very high.
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� Świętokrzyska Street 20, 00-002 Warsaw  


� Chair of Agricultural Economics and International Economic Relations, Nowoursynowska Street 166, 02-787 Warsaw   


� The analysis is carried out for the DMU that produce the output qi using only the output xi. 


� Maximum likelihood estimators are popular because they have desirable large sample proprieties. 


� Bayesian estimation is becoming increasingly popular, not last because it allows obtaining exact finite-sample results concerning nonlinear functions of the parameters.
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