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Abstract. In this paper we consider the problem of calculating the resultant and individual effectiveness of Open Pension Funds. In the Polish law there exists a definition of the average rate of return of a group of pension funds which, as it was proved by Gajek and Kałuszka (2000), does not satisfy some economic postulates. These authors proposed another definition of the average rate of return. In this paper we discuss new definitions presented in the papers of Gajek i Kałuszka (2001), Białek (2005). We compare all definitions. Several properties of the average rate are discussed. In particular, it is shown that the average rate of return is a martingale provided the prices of assets on financial markets form a (vector) martingale and provided some additional condition is satisfied. The second part of the article is devoted to the construction of the measure of a given one fund. This measure is based on the author’s proposition of the price index and it seems to be a proper tool for ranking of funds. 
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1. THE RESULTANT EFFECTIVENESS - INTRODUCTION 

   Open Pension Funds are institutions which should invest their clients’ money in the most effective way. There are lots of measures for the efficiency of these investments.                 The measures should be well constructed – it means that all changes of fund’s assets, connected with any investment, should influence the given measure. It is very important to calculate the average rate of return (the resultant effectiveness) of a group of pension funds. Firstly, having this result we can compare a fund with a group. The good fund should be more effective than, on average, the group. But, first of all, in the Polish law regulations (The Law on Organization and Operation of Pension Funds, Art. 173, Dziennik Ustaw Nr 139 poz. 934, Art. 173; for the English translation see Polish Pension…, 1997) the definition of the average return of a group of funds determines a minimal rate for any fund. In the case of deficit it is possible that the weak fund will have to cover it. It is always a very dangerous situation for funds. In the Polish law the following definition of the average return of a group of 
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 pension funds can be found:
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where by 
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we denote the rate of the 
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th fund’s assets at time 
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. After the year 2004 the results of funds for the last 36 months are verified once half a year, it means 
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2. A DISCRETE TIME STOCHASTIC MODEL

In this paper we present alternative definitions of the average rate of return for a group of pension funds.  Let us consider a group of 
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pension funds which start their activity selling accounting units at the same price. We observe them in discrete time moments 
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Let us define a probability space (Ω, F, P). Let F = {F
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, F
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F. Without loss of generality, we assume F
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= {(, Ω}. The filtration F describes how information is revealed to the investor.                

We consider the following random variables (for given 
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We assume that 
· All investments are infinitely divisible.

· There are no transaction costs or taxes and the assets pay no dividends.
· Member does not pay for allocation of his/her wealth.

· No consumption of funds exists.

Here and subsequently, the symbol 
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[image: image42.wmf]1

)

(

=

=

Y

X

. We assume that each 
[image: image43.wmf])

(

t

w

i

 and 
[image: image44.wmf])

(

t

k

i

 is adapted to F, which means that each 
[image: image45.wmf])

(

t

w

i

 and 
[image: image46.wmf])

(

t

k

i

 is measurable with respect to F
[image: image47.wmf]t

.
3. POSTULATES FOR THE AVERAGE RETURN
In the paper of Gajek and Kałuszka (2000) the authors presented the list of postulates for a correctly defined measure of the average rate of return 
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. In particular, if the unit’s value changes in time in the same way for each fund, then it does not matter that the clients allocate from a fund to another fund. Their individual returns rates will always be the same. Moreover, when none of the clients change the fund or come into or out of the business, then any change of the assets 
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 reflects only the investments results of the 
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th fund (postulate no. 3). In the mentioned paper postulate no. 5 means that the average return rate is not greater than the return rate of the best fund and is not smaller then the return rate of the worst fund. And finally, the authors postulate that the small funds should have the limited influence on the rate of return of the group.
           In the paper of Gajek and Kałuszka (2000) the authors show that the definition (1) does not satisfy several of these postulates. For example, it is easy to show that in case, when the number of units is constant at every fund during the time interval 
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so the definition (1) does not satisfy the postulate 3.  Moreover, considering an even number of funds, where half of them have the return rates equal to 50% and the rest of funds have the return rates equal to (-50%), we should get the real average return rate on the level 0%.        But using formula (1) we get 12.5 %. The larger the differences between 
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, the more stranger the values produced by 
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 (see Białek (2005)). That is the reason for a construction an alternative definition of the average rate of return of a group of pension funds.
4. ALTERNATIVE MEASURES FOR THE AVERAGE RATE OF RETURN

Under the above assumptions and significations Gajek and Kałuszka (2001) proposed the following definition of the average rate of return of a group of funds:
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The definition (2) satisfies all the economic postulates (see Gajek, Kałuszka (2001)). In the mentioned paper the authors proved the following theorems:

Theorem 1.
With the probability one we have
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and in the natural case of
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we obtain 
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The inequality (6) suggests that the average return defined in Polish law overestimates the real average rate of return of a group of funds.             

Theorem 2.
If 
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 is also an                F–martingale (see Wentzell (1980), Domański, Pruska (2000)). Moreover, in case 
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Remark 1. The average rate of return defined in Polish law in general is not a martingale provided the values of units are martingale (see Gajek and Kałuszka (2001)).

In the paper of Białek (2005) the author proposed the following definition of the average rate of return for a group of pension funds:
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The formula (7) can be equivalently presented as:
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It is quite easy to prove the following theorems (see Białek (2005)):

Theorem 3 (see Białek (2005)).

The definition 
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 satisfies all the postulates form Gajek and Kałuszka (2000). 

Theorem 4.

The following implication is true:
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Theorem 5.
With the probability one we have
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and in the natural case of
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Remark 2.
From the theorem 5 we get the following conclusion: with the probability one we have
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As we mentioned at the beginning of the paper, the definition of the average rate of return      of a group of funds determines a minimal rate for a fund. The choice of the definition can cause a serious, financial consequences. 
Theorem 6 (main result).

If 
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Proof.

Using the assumption (14) we have
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According to the assumption the process 
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 and from (15) and (16) we get
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The process 
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5.  THE INDIVIDUAL EFFECTIVNESS OF THE FUND

In this part of the paper we propose a new measure of the individual effectiveness of the fund based on a special price index. The construction of the index of the average unit price dynamics (for a whole group and time interval
[image: image94.wmf]12
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) can be based on the paper of Białek (2006). The presented definition differs from the classical price indexes based on Laspeyres, Paasche, Fisher or Lexis formulas (see Domański (2001), Shell (1998), De Haan and others (1999), etc.). Using the above significations and according to the formula form the paper of Białek (2006) we can define the index of unit’s price dynamics as follows:
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Let us denote additionally
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Now the definition (19) is as follows
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where  
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where  
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Now we construct the measure of the individual effectiveness of the fund, based on the definitions (22) and (23). According to the Polish law let us assume  
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So we divide the considered time interval into three one-year intervals. The 
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 informs the investor about the relation between the monthly dynamics of value of 
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th fund’s unit and the average, monthly dynamic of units of the group of funds, and it takes into consideration the 
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The influence of these three periods on the measure of pension funds’ effectiveness should be different. It means that, the last year should be the most important.  The new and old data cannot weight the same. The proposed measure - Attraction of Dynamics of Fund  (ADF) -  is as follows:
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where the weights for 
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 we get from the following exponential equation:
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The numerical solution of (27) is
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The interpretation of the formula (26) is very simple and natural. If 
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th fund then we have the situation, where the fund has a more attractive (faster) dynamics of unit price than the group of funds. Where 
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 we have the situation where the average dynamics of prices of all units is faster than the dynamics of price of 
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6.  EMPIRICAL RESULTS
We consider for the period December 31, 2004 – November 28, 2008 (48 months) for Polish pension funds. In the case of Poland we have 
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 funds.  We divide the considered time period in two parts: 
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. The results of calculations of the resultant (average) and individual effectiveness of funds are in the table 1:

Table 1. The resultant and individual effectiveness of funds for the period Dec. 31, 2004 – Nov. 28, 2008.
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        Source: own calculation based on data from www.money.pl.               
6.  CONCLUSIONS

During the time period 2004-2007 we observed a good time for Warsaw Stock Exchange and Open Pension Funds. Poland was out of the financial crisis. We can notice that in this case the differences between the definitions
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 were negligible (but the relation (13) from the remark 2 is satisfied). All pension funds satisfied the minimal rate criterion. But some funds were worse than (on average) the whole group (see Tab.1 – Allianz, Bankowy, ING, Pocztylion and Warta generated 
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measure is a proper criterion for ranking funds. Its interpretation gives us a new perspective by evaluating funds. For example, ING is a powerful fund having huge assets, but its unit dynamics is slower than dynamics of units of many of other funds. The unit dynamics of the ING seems to be ordinary (
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). Finally, the financial crisis has began in 2008. The situation of funds for time period 2005-2008 is completely different. Firstly, the differences between the definitions 
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 are not negligible any more. The relation (13) is still satisfied. It is very important for funds, which of definitions we are going to use, because some of funds do not satisfy the minimal rate criterion. Secondly, most of funds have the very weak dynamics of units - even the funds with the very impressive dynamics of units during the previous time period 2004-2007 (see for example Commercial Union).
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