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Abstract – The 1890s represent a critical junction in US economic history.  Using the United States Statistical Abstract, empirical data for multiple years is analyzed using the Cumulative Complimentary Distribution Function (CCDF).  The annual number and value of business failures, accumulated by state or territory, is analyzed to determine the presence of underlying structure.  Linear best-fit and Hill Estimator’s are used to determine if power laws provide a statistically accurate description of these distributions.  The number of business failures and value of business failures, accumulated by year and by state, consistently presents as a 2-regime power law, with the regime boundary occurring in the same general rank location over several years.  The distribution of population by state is also consistent with a power law distribution.  The distribution of business failures does not correlate with population, suggesting an underlying structure of business failures different from the actual distribution of businesses or population.  This provides historical insight into the economic environment of the late 19th century and is important baseline data for generative economic simulations.

Section I - Introduction
The end of the 19th Century was a period of change in the United States, and in particular the economic structure of the United States.  First, the exploitation of the frontier had been, according to many, completed.  Although further settlement remained to occur, the West had been tamed by the 1890s.  Second, changes in US corporate law that occurred early in the 1890s had yet to impact, in a significant way, American corporate structure.  Lastly, the process of data collection by the R. G. Dun and Company had reached a high level of sophistication, resulting in significantly better data than had been available in previous time periods.  
This study looks at the underlying mathematical structure of business failures within this historical context.  Although data for individual company failures was not available, detailed information on the numbers and values of failed business is available on a state-by-state basis accumulated by year.  The purpose of this paper is to examine some of the underlying regularities in this data and assess the implications of and possible causes for these regularities.  
Existing efforts in the area of mathematical descriptions of business failures has been sparse.  Cook & Ormerod (2003) studied US firm “demise” between the years 1989 and 1997 and demonstrated firm demise rates correlate somewhat with power law distributions.  Schary (1991) presents an analysis of firm “exits”, assessing historical patterns relating to the cotton textile industry in the US during the period 1924 to 1940 as a test of certain mathematical descriptions of firm “exit”.  Common to both Cook & Ormerod and Schary is the difficulty created by the terms “demise” or “exit”.  In the modern structure of United States corporations, it is almost impossible to determine whether a business merely changed corporate structure, merged, was insolvent, or any of a variety of reasons for the firm to no longer exist as it once had.  This presents unique challenges which are somewhat alleviated by moving to a slightly earlier historical period, just before the advent of modern corporate law, i.e., the late 19th century.

This study examines business failures during this time period by analyzing the distribution of business failures by state, by year.  This analysis was performed by analyzing the data using power law distributions.  The analysis demonstrates regular strong power law behavior of the number of business failures and the value of those failures, with business failure values, by state, having power law exponents in the critical range.

Section 2 – Method of Analysis
For this study data was transcribed from the United States Statistical Abstract (2008) for the years 1889 through 1893.  The Statistical Abstract is a compendium of statistics covering a large range of subjects.  Data transcribed included number of businesses, number of business failures, value of business failures, and population.  For these categories of data the SA reported numbers by states and territories (hereinafter referred to as states) accumulated by year.  No individual business failures were reported, only cumulative reports.  The business data was generated by R. G. Dun & Company, the predecessor of the modern Dun & Bradstreet credit reporting company.  Population data was generated by the 1890 United States Census Bureau.  Full data sets were generated for the years 1889 through 1893.
For each year data was analyzed using the CCDF power law method.  The CCDF is defined as CCDF = 1 – (x) ; where (x) is the Cumulative Distribution Function.  If the CCDF is a power law, this implies that CCDF = axb.  For this distribution, the Probability Density Function has the form (x) = abx(b-1) = ab/x1-b.  For (x) to be a well-defined distribution, b > 1.  For b > 2, the distribution has a first moment.  For b = 2 the exponent is referred to as having a ‘critical value’.  For the range    1 < b < 2 is referred to as being the ‘critical range’ for exponent values, the distribution having no mean.  This is referred to as having a “fat tail”.  Fat-tailed distributions have no first moment or mean intuitively suggesting that there are disproportionately large events at the extreme range of probability.  When using the CCDF power law form, b = m + 1, where m is the estimated slope of the log-log linear approximation of the underlying CCDF.
Examination of the generated data using a log-log graph of the CCDF suggests that for the larger values in each distribution a power law fit may be appropriate.  In general the approximately 30 states
 reporting the largest values were analyzed, as these groups showed a distinctly different linear appearance than the remaining smaller states.  This group is referred to as the Regime 2 states throughout the study.  The power law hypothesis was tested using two mathematical methods.  First, a linear least squares best fit was performed for all data points in Regime 2 for value of business failures, number of business failures, and population for all five years.  The slope b of the linear fit is the exponent of the Cumulative Distribution Function for the hypothesized power law distribution.  2 tests were performed to determine if the computed power law parameters provided acceptable fit to the empirical data.
The second method used to estimate the exponent was the Hill Estimation Method. (Hill 1975, Alfarano & Lux 2007).   Hill’s Method is most appropriate for estimating the exponent associated with the extreme values of a data sat normally larger than the ones used in this study.  In general, stopping rules for Hill’s Method recommend using at most the largest decile of data.  In the examples in this study this would suggest only 3 data points be used.  For Hill’s Method this results in very noisy estimates.  In order to assess the utility of Hill’s Method, the stopping rules were somewhat relaxed, using 10 data points as the stopping condition.  No mathematical analysis was performed to determine the impact of these conditions on the validity or accuracy of the parameters generated by Hill’s Method in this study.
Section 3 - Results and Findings
The number of business failures (NF), total number of businesses (NB), total value of business failures (VF) and population (P) was transcribed from the United States Statistical Abstract for the years 1889-1893.  The available data was aggregated by states and territories for all states and territories in the United States.  For the purposes of this study, the term “state” will refer to both states and territories, as used within the Statistical Abstract (Statistical Abstract 2008).
3.1 Value of Business Failures – Figure 3.1 shows the log-log plot of the CCDF for the VF for the years 1889 and 1893.  Visual inspection suggests a 2-regime power law, with the boundary between the regimes at similar points for each year at approximately the -0.2 level.  As the log(CCDF) value is computed from the index, having similar values for the break between regimes means that the number of entities within each regime are similar.  This pattern occurs for all five years of data analyzed.  
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Figure 3.1 – log-log CCDF, Value of Business Failures for all Entities
Figure 3.2 shows the Regime 2 log-log CCDF least squares fit.  The linear fit appears to be quite good, with R2 greater than .98 in both cases.  Figure 3.3 shows the graph of the Hill Estimator a0 and a1 parameters for years 1889 and 1893.  These parameters provide a high and low estimate of the exponent for a power law fit to the tail of a distribution.  Convergence is consistent with a power law.   Table 3.1 presents results of linear least-squares fit to the log-log CCDF, the computed 2, as well as the Hill Estimator parameters a0 and a1 using 10 steps as the stopping condition for Hill’s method.
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Figure 3.2 – log-log CCDF, Value of Business Failures for Regime 2 Entities
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Figure 3.3 – Hill Estimators, Value of Business Failures
	Year
	Slope (m)
	Intercept
	R2
	2
	Hill Estimator

a0
	Hill Estimator

a1

	1889
	-0.906
	2.719
	.981
	1.129
	1.052
	.956

	1890
	-0.942
	2.958
	.977
	1.733
	1.485
	1.350

	1891
	-0.988
	3.150
	.975
	0.613
	1.764
	1.604

	1892
	-1.160
	3.535
	.973
	0.333
	1.493
	1.357

	1893
	-0.893
	2.980
	.987
	2.935
	1.271
	1.156


Table 3.1 – Estimates of Power Law Exponents, Value of Failures Regime 2
Estimates of the power law parameters for the regime associated with the entities with the highest value of business failure have very high correlation coefficients for the least-squared linear best fit. The slope, or m, is less than 1 for all but 1892.  This falls into the critical range for power law exponents, thus implying a fat-tailed distribution with no mean or variance.  2 was computed by computing the expected values for distribution quartiles (degree of freedom = 3) and compared with the empirical data used in the study.  The value of 2 is well within 95% acceptance limits for all years.  The Hill Estimators for each year converge quickly, suggesting a very stable power law fit to the available data.

3.2 Number of Business Failures - Figure 3.4 shows the log-log plot of the CCDF for NF for the years 1889 and 1893.  Visual inspection again suggests a 2-regime power law, with the regime shift occurring in approximately the same rank position as in VF.  Again, this description is consistent over five years of data analyzed, with the regime shift occurring at a position equivalent to the number of business failures.  
[image: image1]
Figure 3.4 – log-log CCDF, Number of Business Failures for all Entities
Figure 3.5 presents the log-log CCDF for the regime corresponding to the largest number of business failures (Regime 2) for the years 1889 and 1893.  The least-squares linear fit for each data series is presented.  Table 3.2 shows the results of using least-squared linear best fit for the regime of higher numbers of failures for all five years.  Note that the R2 values suggest strong correlation with a power law distribution.  m > 1 implies a power law with mean and variance, hence not fat-tailed.  2 values again support the conclusion that empirical data can be reasonably explained by the power law parameters computed by the linear least squares fit.  Figure 3.6 demonstrates the quick convergence of the Hill Estimator parameters.
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Figure 3.5 – log-log CCDF, Number of Business Failures for Regime 2 Entities
It is important to note that the entities that comprise the highest value regime of business failures for a given year are not identical to those entities with the highest number of failed businesses (Section 3.1). 
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Figure 3.6 – Hill Estimators, Number of Business Failures
	Year
	Slope (m)
	Intercept
	R2
	2
	Hill Estimator

a0
	Hill Estimator

a1

	1889
	-1.280
	2.690
	.972
	0.097
	1.631
	1.483

	1890
	-1.347
	2.907
	.979
	0.286
	1.523
	1.384

	1891
	-1.375
	3.003
	.976
	2.677
	2.010
	1.827

	1892
	-1.518
	3.288
	.972
	3.867
	1.550
	1.409

	1893
	-1.349
	3.058
	.984
	1.129
	1.898
	1.726


Table 3.2 – Estimates of Power Law Exponents, Number of Failures Regime 2
3.3 Population Distribution – The population distribution of the states and territories during the 1890s may be an explanation for the regularity in the business failure results in Section 3.1 and 3.2.  Fig. 3.7 shows the log-log CCDF for population by state for the 1890 United States Census.  Qualitatively it appears as a 2-regime power law.  The number of entities in Regime 2 is 27, slightly smaller than the size of the second regime in the previously analyzed statistics.  Least squares yields m = 1.772 with R2 of .979 and the Hill Estimators converge in a stable manner to values of a0 = 1.756 and a1 = 1.691.  Therefore population by state is consistent with a power law distribution.
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Figure 3.7 – Log-Log CCDF, Population for all states
Section 4 - Discussion
4.1 Findings – There are three conclusions to be drawn from these results.  First, the character of business enterprises and the quality and ready availability of data for this time period permits a viable interpretive method for quantitative analyses of this important historical period.  Second, state-by-state measures of economic failures are power-law distributed and not directly correlated with population.  Finally, the implications of the power-law exponent of business failure values suggest a scale-free, fat-tailed distribution.  

At the beginning of this study there was little to suggest the underlying power law regularities found in the observed data.  After the discovery of the power law relationships relating the distribution of business failures and the value of those failures, efforts were made to determine if there was an underlying distribution of businesses within the somewhat arbitrary boundaries of states that would explain the phenomena. 

 If population were distributed in a manner related to business losses, the distribution of population would provide a mechanism to model business losses by modeling demographic shifts.  However, states that comprised the highest pro rata loss rates did not consistently conform to a given demographic pattern.  Fig. 4.1 shows the log-log comparison of population versus value of business failures by state for 1890.  Although a general trend is recognizable, variability is significant, especially considering the distortions inherent in a log-log plot.
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Figure 4.1 – Log-Log Population vs. Value of Failures

Visual examination of the graphs for the value of business failures supports the historical reality that 1893 was not a good year economically, with a significant increase in both value and number of business failures over previous years.  What is more important to the purposes of this study is the distribution of the value of business failures.  For this case, the exponent of the power law fit being less than 1.0 (except one year for the linear least-squares test) suggests that the total impact of business failures was driven by extreme values, this being a standard implication of a fat-tailed distribution.  1893 exhibited the most skew behavior, with the lowest estimates for the exponent b of the five years analyzed.  This again conforms to the historical reality of the economy that year.  The value of and the changes in the exponent, as witnessed year to year, suggests that business failures concentrated in ways not directly linked to population or business concentration.  Having an exponent within the critical range suggests that certain states dominated the impact of business losses in a far greater manner than would be predicted assuming more uniform business losses or were losses related to population distribution.
4.2 Broader Implications – 
The last decade of the 19th Century was a critical time for the emerging American economy.  By the turn of the century, multi-state corporations began to dominate the business of America and as a counter-balance political populism and labor unions grew.  Three historical factors make this period important for more than simple historical reasons.  

First, legal restrictions made it difficult for corporations to operate outside of the state in which they were incorporated.  Unlike later in American business history, this suggests that data regarding state-by-state business failures captured the local economic impact of the failure, whereas after this time period a business failure’s corporate location had little to do with where the economic loss may have occurred.  As corporations began headquartering in states with liberalized incorporation laws (such as New Jersey), and began operating in multiple jurisdictions, mapping the failure of a business that was headquartered in a given state to a specific determination of the location of the physical plant associated with the failed business becomes difficult if not impossible (Mitchell 2007).
Second, the late 19th Century marked the end of an era of westward expansion of the American population and economy.  Many claimed the prairie had been ‘conquered’, and that the nation must begin looking overseas for new expansion opportunities.  Although there was much continued exploitation to occur, this period marks a change in settlement patterns and business development.  Until this time, business growth and exploitation can be viewed as operating in a resource-rich environment, with expansion to unsettled lands being available for many enterprises.  Starting in the later 1890s, American business would change its very nature.  Businesses would change from independent enterprises with specific, identifiable locations of economic activity, into large corporate enterprises with dispersed and difficult to quantify production and labor concentrations.

Third, the need for credit reporting brought on by the expansion of American businesses gave rise to R. G. Dun & Company. With more than 2,000 agents spread over the United States, this period marked the beginning of large-scale data capture regarding business values and failures.  Until the late 19th century, analysis such as is presented in this study would have been difficult if not impossible due to a lack of reliable information.  

These three historical factors suggest that the late 19th century marks a boundary point in American business development.  A naturalistic process of business growth and decline would soon come to an end with the advent of multi-state corporations, mergers, and the impact of a constrained growth environment.  In this sense the period analyzed could be considered an early-modern capitalist industrial period.
The findings of this study provide additional descriptive conditions for those involved in generative agent-based economic simulations.  Axtell (2008) has worked to develop generative simulations of business creation that fulfill the minimum requirement of firm size being Pareto distributed.  Further work is underway to extend Axtell’s metaphor to allow for more complex business interactions to be captured.  Similar to Axtell’s efforts to provide minimal requirements (in an economic context) necessary to generate the observed distribution of firm sizes, continued simulation efforts should produce such failures in a manner consistent with the descriptive statistics found in this study.
Previous work has supported the finding that business failures can be described using a power law distribution.  However, this work has been done in primarily a modern context, where firms are not easily identified with facility location and where failure is poorly defined.   The current study specifically targeted an era which exhibited an industrial economy, yet did not suffer from some of issues of unclear definition of business location and failure.
4.3 Future Research – 
Given the regularity of the data analyzed in this study, and the findings of other studies that have assessed structures involving individual companies a natural extension of the current study would be to determine if the detailed data used to generate the R. G. Dun reports of this period is still extant.  If the original data is available, an analysis of the distribution of business failures within a given state or region could be fruitful, further establishing the underlying mathematical structure of business failures in a “pre-modern” business environment.  
Finally, data similar to that used in this study is available for a much longer time period than was used for this analysis.  Time-based analysis of trends and patterns might provide interesting further insights into the nature of business failures.
Section 5 - Conclusion 
The search for underlying structure within the period immediately preceding the Panic of 1893 was the primary motivation of this study.  Originally it was of concern that the data was aggregated by the arbitrary geopolitical boundaries of the states and territories of the late 19th century United States.  It was found that the data analyzed consistently presented regular power law patterns.  In the case of the value business failures by state it has been demonstrated that the power law exponent fell within the critical range, suggesting that the impact of business failures was of greatest significance in a small number of states, disproportionate to the number of businesses or the population of the state.  

The results show that this period of time is a fertile ground for quantitative analysis of business failures and warrants further investigation for use in generative methods of economic analysis.
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Regime change - 1893





Regime change - 1889








� For all statistics assessed for power law behavior at least 29 and up to 33 states were included in Regime 2.


� Reference to the approach used to terminate Hill’s method, as well as discussion of the limitations of this method in the case of a data set of the limited size used in this study, is detailed in Section 2.
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